Abstract: Let X be a finite CW complex, and ρ : π 1 (X ) → GL( C) a representation. Any cohomology class α ∈ H 1 (X C) gives rise to a deformation γ of ρ defined by γ ( ) = ρ( ) exp ( α ). We show that the cohomology of X with local coefficients γ gen corresponding to the generic point of the curve γ is computable from a spectral sequence starting from H * (X ρ). We compute the differentials of the spectral sequence in terms of the Massey products and show that the spectral sequence degenerates in case when X is a Kähler manifold and ρ is semi-simple.
Introduction
Let X be a finite connected CW-complex; denote its fundamental group by G. Let ρ : G → GL( C) be a representation. Any cohomology class α ∈ H 1 (X C) gives rise to the following deformation of ρ:
The cohomology groups of X with local coefficients γ are isomorphic for all except a subset containing only isolated points. The cohomology group H * (X γ gen ) corresponding to the generic point of the curve γ is the first main object of study in the present paper. We prove that there is a spectral sequence E (X γ gen )
In case when ρ is not trivial the situation is more complicated. The spectral sequence degenerates, in particular, when X is a Kähler manifold and ρ is a semi-simple representation (Proposition 6.8). The proof uses Simpson's theory of Higgs bundles [23] . Thus the isomorphism (1) holds also in this case. We introduce a class of strongly formal spaces for which all the spectral sequences E * corresponding to 1-dimensional representations degenerate in their second term. An example from the work of Kasuya [11] shows that there exist formal spaces which are not strongly formal.
In the literature there are several other constructions of the spectral sequences related to the cohomology with twisted coefficients, such as the equivariant spectral sequence, introduced and studied by Papadima and Suciu [18] . The isomorphism (1) was obtained also in the recent work [5] of Dimca and Papadima for the case when ρ is the trivial representation. The advantage of our method is that it allows an explicit computation of the higher differentials of the spectral sequence and leads to the proof of the isomorphism (1) for deformations of non-trivial representations.
If α is a real cohomology class, there is another geometric construction related to ρ and α, namely, the twisted Novikov homology introduced in the works of Goda and the second author see [9, 16] . This construction associates to X ρ and α a module over a corresponding Novikov ring L α . The rank and torsion numbers of this module are called the twisted Novikov Betti numbers and twisted Novikov torsion numbers; they provide lower bounds for numbers of zeros of any Morse form belonging to the de Rham cohomology class α (see Section 8 for details). These invariants detect the fibered knots in S 3 as it follows from the recent work of Friedl [8] . For a given space X and the representation ρ, the Novikov numbers depend on the cohomology class α ∈ H 1 (X R). The case of the torsion numbers was studied in [21] and [16] . It is proved there that the torsion numbers vanish in the union of open polyhedral cones formed by finite intersections of certain half-spaces in R , where = rk H 1 (X Z). Similar analysis applies to the Novikov Betti numbers, which are of main interest to us in the present work. We prove in Section 8 that these numbers do not depend on α in the complement to a finite number of proper vector subspaces. In general the set of all α for which the Novikov Betti number ρ (X α) is greater by than the generic value (the jump loci for the Novikov numbers) is a union of a finite number of proper vector subspaces, see Proposition 8.6.
It is known that the Novikov homology and the homology with local coefficients are related to each other. This was first observed in the paper [19] of the second author, see also Novikov [15] . Similar result holds also for the twisted Novikov homology, namely, we prove (see Proposition 9.2) that for α ∈ H 1 (X R) we have
This implies several corollaries about both families of numerical invariants. One corollary is that for given ρ and α the jump loci for β (X ρ α) are unions of proper vector subspaces. On the other hand, the twisted Novikov Betti numbers are computable from the Massey spectral sequence. In the case of degeneracy of this spectral sequence, they equal the dimension of its second term.
Exact couples
In this section we recall the definition of the spectral sequence of an exact couple (following [10, 12] ) and give an equivalent description of the successive terms of the spectral sequence, which will be useful in the sequel. Let C = (D E ) be an exact couple, so that we have an exact triangle
We will usually abbreviate the notation to C = (D E) and call D and E the first, respectively, the second component of the exact couple. Following Massey we define the derived exact couple setting
and defining suitably. Iterating the process we obtain a sequence of exact couples C = (D E ), the initial couple being numbered as C 1 ; this sequence is called the spectral sequence associated to the exact couple C. We will need an alternative description of the groups E and the maps .
Definition 2.1.
1 let B be the subgroup of all elements ∈ E such that = ( ) for some ∈ D with
The following properties are easy to check: It is easy to check that these homomorphisms are well defined and give rise to an exact couple C = (D E ):
The proof of the next result is in a usual diagram chasing.
Proposition 2.2.
The exact couples C and C are isomorphic for any . 
Formal deformations of differential algebras and their spectral sequences
where π is the natural projection → 0. The induced long exact sequence in cohomology can be considered as an exact couple
Proposition 3.1. ). An -chain starting from is a sequence of elements ω 1 ω ∈ N * such that
Denote by MZ ( ) the subspace of all ∈ H (N * ) such that there exists an -chain starting from . Thus 
The double Massey product ξ (2) Lemma 3.7.
Proof. We will prove (a), the proof of (b) is similar. 
This condition is clearly equivalent to the existence of a sequence of elements
The condition (4) is in turn equivalent to the existence of an -chain starting from ζ.
The lemma implies that E * ≈ MH * ( ) and it is not difficult to prove that this isomorphism is compatible with the boundary operators. In view of the Proposition 3.1 we obtain the next corollary.
Corollary 3.8.
Let ξ ∈ A 1 be a cocycle. The graded groups MH * ( ) defined above depend only on the cohomology class of ξ, which is denoted by α.
Therefore, the differentials in the spectral sequence {E * } are equal to the higher Massey products with the cohomology class of ξ. Observe that these Massey products, defined above, have smaller indeterminacy than the usual Massey products. The second term of the spectral sequence is described, therefore, in terms of multiplication by the cohomology class α = [ξ]. It is convenient to give a general definition.
Definition 3.9.
Let K * be a differential graded algebra, and θ be an element of odd degree . Denote by L θ :
We have, therefore, E *
Let us consider some examples, which will be important for the sequel. 
Example 3.11.
Let A * be a DGA and η ∈ A 1 be a cocycle. Endow the algebra A * with the differential η defined by the formula η ( ) = + η , we obtain a DGM over A, which we will denote by A * η . For an element α ∈ H 1 (A * ) we obtain a spectral sequence E * with E *
Example 3.12.
Let M be a connected C ∞ manifold, and E be an -dimensional complex flat bundle over M. Denote by ρ : π 1 (M) → GL( C) the monodromy of E. Let A * (M) be the algebra of complex differential forms on M. The space A * (M E) of the differential forms with coefficients in E is a DGM over A * (M); its cohomology is isomorphic to the cohomology H * (M ρ) with local coefficients with respect to the representation ρ. For a de Rham cohomology class α ∈ H 1 (M) we obtain, therefore, a spectral sequence E with E *
Now let us consider some cases when the spectral sequences constructed above, degenerate in its second term. Recall that a differential graded algebra A * is called formal if it has the same minimal model as its cohomology algebra. Here is a useful characterization of minimal formal algebras. This theorem leads to the proof of the well-known property that in formal algebras all Massey products vanish (see [4] ). We will show that a similar result holds for the special Massey products (Example 3.10). Proof. It suffices to establish the property for the case of formal minimal algebras. Let A * be a formal minimal algebra with the space of generators V in dimension decomposed as V = C ⊕ N , see Theorem 3.13. We will prove that MZ (2) = MZ (3) = = MZ ( ) and MB (2) = MB (3) = = MB ( ) for every 2.
Choose ξ ∈ A 1 representing α ∈ H 1 (A * ). Let ∈ MZ ( ) , and (ω 1 ω ) be an -chain starting from so that
Denote by Λ(C * ) the algebra generated by the space of closed generators, so that
, and
so that ξω 1 is a cocycle belonging to I(N * ). Therefore, ξω 1 = ω +1 for some ω +1 ∈ I(N * ) and we obtain an ( +1)-chain starting from , so that ∈ MZ ( +1) . A similar argument shows that MB (2) = MB ( ) for every 2. Therefore, the spectral sequence degenerates at its second term.
The next proposition gives a sufficient condition for the degeneracy of the spectral sequence associated with a differential graded module over a DG-algebra A * . It will be used in Section 6 while studying the case of Kähler manifolds.
Definition 3.15.
A DG-module N * over a DG algebra A * will be called formal if it is a direct summand of a formal DGA B * over A * , that is, 
Proof. The direct sum decomposition (5) implies that
degenerates by the previous proposition and the result follows.
A spectral sequence converging to the twisted cohomology
Let X be a finite CW-complex, put G = π 1 (X ). We endow the universal covering X with the natural left action of G, so that the cellular chain complex of X is a free finitely generated chain complex over ZG. Let B be an integral domain and ρ be a left action of G on the free B-module B (or, equivalently, a representation ρ : G → GL( B)). The cohomology of the cochain complex C *
is a B-module called the twisted cohomology of X with respect to ρ and denoted by H * (X ρ). Denote by {B} the fraction field of B. The dimension over {B} of the localization H (X ρ) ⊗ {B} will be called the -th cohomological Betti number of X with respect to ρ and denoted by β (X ρ).
Let us start with a given representation ρ : G → GL( C). Pick a cohomology class α ∈ H 1 (X C) and consider the exponential deformation of ρ:
Denote by H the ring of all entire holomorphic functions on C and let Λ = C[[ ]]; we have a natural inclusion : H → Λ. The formula (6) defines a family of representations of G:
• for a fixed ∈ C a representation γ : G → GL( C),
• a representation γ : G → GL( H) (the holomorphic exponential deformation of ρ),
The inclusion extends to the inclusion of the fields of fractions {H} → {Λ}, therefore, β (X γ) = β (X γ) for every .
Lemma 4.1.
For every and we have β (X γ ) β (X γ). There is a subset S ⊂ C consisting of isolated points such that β (X γ ) = β (X γ) for every and every ∈ C \ S. 
Proof.
Observe that ρ ( ) ρ for every , and the set of ∈ C where these inequalities are strict, consists of isolated points (since the minors of γ(∂ ) are holomorphic functions of the variable ∈ C). The lemma follows.
Thus
The exact sequence 0 → Λ − → Λ → C → 0 gives rise to a short exact sequence of complexes
inducing a long exact sequence in cohomology, which can be interpreted as an exact couple
Denote by W * (X ρ α) = (U * W * ) the induced spectral sequence.
Proposition 4.2.
Let X be a finite connected CW-complex. Then
Proof. The ring Λ is principal, and the Λ-module H * (X γ) is a finite direct sum of cyclic modules. Only the free summands survive to E ∞ and the contribution of each such summand to dim C W ∞ equals 1.
The cohomology with local coefficients arises naturally in the de Rham theory. Later on we shall work also with the homology with local coefficients, which appears in the Morse-Novikov theory. We will now explain the relation between the two constructions.
An antihomomorphism θ : G → GL( B) will be also called a right representation; it induces a structure of a right ZG-module on B . The homology of the chain complex 
Lemma 4.3.

Let ρ : G → GL( B) be a representation. Then there is a natural isomorphism Hom
B C * (X ρ * ) B ≈ C * (X ρ).
Proof. Put R = ZG. For any R-module B there is a canonical isomorphism Hom B M ⊗ R B B ≈ Hom R M Hom B (B B)
The lemma follows.
The following corollary is immediate.
Corollary 4.4. β (X ρ) = β (X ρ *
).
Remark 4.5.
Observe that for = 1 every representation ρ is equal to its conjugate and, therefore, β (X ρ) = β (X ρ) for 1-dimensional local systems.
Comparing the two spectral sequences
We are interested in the formal deformations of differential algebras related to topological spaces, mainly manifolds. Let M be a connected C ∞ manifold, denote π 1 (M) by G, and let ρ : G → GL( C) be a representation. Let M be the universal covering of M and define a flat bundle E on M as follows: 
We associate to this deformation the spectral sequence W * (M ρ α) (see Section 4). 
. We have an exact sequence of sheaves
. The sequence of sheaves
(where δ is the coboundary operator on singular cochains) is also exact, and we have two soft acyclic resolutions of the sheaf A. The integration map I induces a homomorphism R 1 → R 2 which equals identity on A. The standard sheaftheoretic result implies that the induced homomorphism in the cohomology groups of the complexes of global sections is an isomorphism (see for example [25, Corollary 3.14] Now let us proceed to general topological spaces. The rational homotopy theory of Sullivan (see [3, 4, 24] ) associates to a connected topological space X a minimal algebra M * (X ) over C, well defined up to isomorphism.
Let α ∈ H 1 (X C); we obtain a spectral sequence E *
. It is not difficult to see that for the case when X is a C ∞ manifold, this spectral sequence is isomorphic to the one considered in the previous section. Indeed, we have a homotopy equivalence φ : M * (X ) → A * (X ); the induced homomorphism of the spectral sequences
is an isomorphism in the second term E 2 . Thus the two spectral sequences are isomorphic.
Theorem 5.4.
Let X be a finite CW complex. Then
Proof. Let 
Now apply Theorem 5.1 and the result follows.
Remark 5.5.
Theorem 5.4 can be generalized to the case of local coefficients so as to obtain a result similar to Theorem 5.1 in the setting of general topological spaces.
Strongly formal manifolds
The next theorem follows immediately from Theorems 5.4 and 3.14.
Theorem 6.1.
Let X be a finite connected CW-complex. Assume that X is formal. Then the spectral sequences
Thus the dimension of the homology of X with coefficients in a generic point of the exponential deformation of the trivial representation can be computed from the multiplicative structure of the ordinary homology. Namely, let α ∈ H 1 (X C) and let γ be the exponential deformation of the trivial representation:
Denote by β (X γ gen ) the Betti number of X with coefficients in a generic point of the curve γ , and let L α be the operation of multiplication by α in H (X C). The theorem above implies that
The case of the spectral sequence W * (X ρ α), where ρ : π 1 (X ) → GL( C) is a non-trivial representation, is more complicated and to guarantee the degeneracy of the spectral sequence a stronger condition is necessary. Let us first consider the case of 1-dimensional representations ρ. Let M be a connected C ∞ manifold. Denote by G the fundamental group of M, let Ch(G) be the group of homomorphisms G → C * = GL(1 C). For a character ρ ∈ Ch(G) denote by E ρ the corresponding flat vector bundle over M. Put
The pairing E ρ ⊗ E η ≈ E ρη induces a natural structure of a differential graded algebra on the vector space A * (M). 
Let M be a strongly formal manifold, ρ ∈ Ch(G), and α ∈ H
A big class of examples of strongly formal spaces is formed by Kähler manifolds, as it follows from the Simpson theory of Higgs bundles [23] .
Theorem 6.5.
Any compact Kähler manifold is strongly formal.
Proof. Let ρ ∈ Ch(π 1 (M)). The flat bundle E ρ has a unique structure of a harmonic Higgs bundle (see [1, 23] 
The multiplicativity properties of Higgs bundles imply that K * is a DG-algebra and we have the maps of DGAs:
both inducing isomorphisms in cohomology. The theorem follows.
Remark 6.6.
There are manifolds which are formal but not strongly formal. The example described below was indicated to the authors by Kasuya.
Sawai [22] constructed an 8-dimensional solvmanifold, having several remarkable properties. Sawai's construction starts with a 7-dimensional solvable Lie algebra g generated by
3 are distinct real numbers. (This is a generalization of the Lie algebra constructed by Benson and Gordon in [2] .) Denote by G the corresponding simply connected Lie group. Sawai proves that for some choice of 1 2 3 there is a lattice Γ in G × R, and the quotient is a formal space, which has a symplectic structure and satisfies the hard Lefschetz property, but admits no Kähler structure.
The cohomology of (G/Γ) × S 1 with local coefficients in one-dimensional local systems was studied by Kasuya in [11] . By the Mostow theorem [13] the computations can be carried out in the cohomology of the Lie algebra Γ × R with coefficients in 1-dimensional modules. Kasuya gives an example of non-vanishing triple Massey product in the homology of Γ × R with twisted coefficients. Thus M is a formal but not a strongly formal space.
Kasuya informed the authors that he has constructed a 4-dimensional solvmanifold which is formal but not strongly formal. 
Conjecture 6.7.
Chain complexes over Laurent polynomial rings and their localizations
In this section we discuss the Betti numbers of complexes over Laurent polynomial rings in view of further applications to the Novikov Betti numbers and the homology with local coefficients. Let T be an integral domain and {T } be its fraction field. Let C * be a finite free chain complex over T :
The tensor product of this chain complex with {T } will be denoted by C * and the boundary operator in C * will be denoted by ∂ * . The Betti number (C * ) is equal to
(where rk ∂ stands for the maximal rank of a non-zero minor of the matrix of ∂ ). We are interested in the case of Laurent polynomial rings. Let R be an integral domain and C * be a finite free chain complex over
. Let : Z → Z be a group homomorphism. Extend it to a ring homomorphism L → L which will be denoted by the same letter . Denote by Q is the field of fractions of L , that is, the field of the rational functions in variables with coefficients in the fraction field of R. Form the chain complex C * ⊗ Q and denote by (C * ) the dimension of the vector space H (C * ⊗ Q ) over Q . Observe that if is injective, then (C * ) = (C * ). We will now study the dependance of (C * ) on .
Definition 7.1.
A subgroup G ⊂ Z is called full if it is a direct summand of Z . We say that a homomorphism : Z → Z is subordinate to a full subgroup G ⊂ Hom(Z Z) and we write < G, if all the coordinates of are in G.
Remark 7.2.
Let G be a full subgroup of Hom(Z Z). Denote by K the subgroup of Z dual to G. Then < G if and only if | K = 0. 
The twisted Novikov Betti numbers
Let X be a finite connected CW complex, put G = π 1 (X ). Let R be an integral domain, and η : π 1 (X ) → GL( R) be a right representation (that is, η is an antihomomorphism of groups). Recall the definition of the twisted homological Betti numbers with coefficients in η:
Starting with η we can construct several other representations of G. Let = rk H 1 (X Z) and denote by π the projection
denote the ring of Laurent polynomials in variables, then the group Z can be identified with the group of units L × ⊂ GL(1 L ), and the homomorphism π can be condsidered as a representation G → GL(1 L ). Denote by η the tensor product of π and η, that is,
Let : Z → Z be a homomorphism. Similarly to the above we can consider the tensor product of representations η and • π : G → GL(1 L ). This right representation will be denoted by η . Observe that η 0 = η, η Id = η . It is not difficult to see that for every : Z → Z we have
Theorem 7.3 of the previous section implies the following. Proceeding to the Novikov homology, let us first recall the definition of the Novikov ring. Let H be a free abelian group; denote ZH by L. Let µ : H → R be a group homomorphism. The Novikov completion L µ of the ring L with respect to µ is defined as the set of all series of the form λ = , where ∈ H and ∈ R, satisfying the following finiteness condition:
In general the ring L µ is rather complicated, however, if R = Z and µ is a monomorphism, this ring is Euclidean by a theorem of Sikorav (see [21, Theorem 1.4] ). If R is a field and µ is a monomorphism, this ring is a field.
Let α : G → R be a homomorphism. We can factor it as follows:
where is an epimorphism and α is a monomorphism. We will denote the Novikov completion of the ring R [Z ] with respect to α by L α . Denote by η the composition
it is a right representation of G.
Definition 8.2 ([9, 16]).
The twisted homology of X with respect to the representation η is called the η-twisted Novikov homology of X with respect to α. The -th homological Betti number of X with respect to η will be denoted by The geometric reasons to consider these completions of the module C * ( X ) are as follows. If X is a compact manifold, and ω is a closed 1-form on M with non-degenerate zeroes, denote by α the period homomorphism [ω] = α : H 1 (M Z) → R. The Morse-Novikov theory, initiated by Novikov [14] , implies the following lower bounds on the number of zeroes of ω:
(Here the base ring R equals Z.) Compared to the other versions of the Novikov homology, the twisted Novikov homology has the advantage of being computable, and at the same time to keep the information about the non-abelian structure of G and related invariants. In a recent work [8] Friedl and Vidussi proved that the twisted Novikov homology detects fibredness of knots in S 3 . At present we will need only the simplest part of these invariants, namely, the twisted Novikov Betti numbers. 
Definition 8.4.
For a homomorphism α : G → R the subgroup α(G) is a free finitely generated abelian group; its rank is called irrationality degree of α and denoted Irr α. In particular, Irr α = 1 if and only if α is a multiple of a homomorphism G → Z.
We say that α is maximally irrational if Irr α = rk H 1 (G).
Observe that the irrationality degree of α equals the number from the diagram (8) . If α is maximally irrational, then the homomorphism in this diagram is an isomorphism. In this case the twisted Betti numbers η (X α) do not depend on α.
where is an epimorphism and α a monomorphism. Here = Irr α; denote the coordinates of by : Z → Z, 1
. We have α = =1 α , and the numbers α ∈ C are linearly independent over Q. Recall the exponential and formal exponential deformations of η:
and the corresponding Betti numbers β (X γ ) β (X γ). We will need a simple lemma. 
